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a b s t r a c t

The wave-induced fluid flow (WIFF) occurring in the ubiquitous layered porous media (e.g., shales)
usually causes the appreciable seismic energy dissipation, which further leads to the frequency depen-
dence of wave velocity (i.e., dispersion) and elastic anisotropy parameters. The relevant knowledge is of
great importance for geofluid discrimination and hydrocarbon exploration in the porous shale reservoirs.
We derive the wave equations for a periodic layered transversely isotropy medium with a vertical axis of
symmetry (VTI) concurrently with the annular cracks (PLPC medium) based on the periodic-layered
model and anisotropic Biot's theory, which simultaneously incorporate the effects of microscopic
squirt fluid flow, mesoscopic interlayer fluid flow and macroscopic global fluid flow. Notably, the
microscopic squirt shorten fluid flow emerges between the annular-shaped cracks and stiff pores, which
generates one attenuation peak. Specifically, we first establish the stress-strain relationship and pore
fluid pressure in a PLPC medium, and then use them to derive the wave equations by means of the
Newton's second law. The plane analysis is implemented on the wave equations to yield the analytic
solutions for phase velocities and attenuation factors of four waves, namely, fast P-wave, slow P-wave,
SV-wave and SH-wave, and the anisotropy parameters can be therefore computed. Simulation results
show that P-wave velocity have three attenuation peaks throughout the full frequency band, which
respectively correspond to the influences of interlayer flow, the squirt flow and the Biot flow. Through
the results of seismic velocity dispersion and attenuation at different incident angles, we find that the
WIFF mechanism also has a significant impact on the dispersion characteristics of elastic anisotropy
parameters within the low-mid frequency band. Moreover, it is shown that several poroelastic param-
eters, such as layer thickness ratio, crack aspect ratio and crack density have notable influence on seismic
dispersion and attenuation. We compare the proposed modeled velocities with that given by the existing
theory to confirm its validity. Our formulas and result can provide a better understanding of wave
propagation in PLPC medium by considering the unified impacts of micro-, meso- and macro-scale WIFF
mechanisms, which potentially lays a theoretical basis of rock physics for seismic interpretation.
© 2024 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/

4.0/).
1. Introduction

When seismic wave propagates in the fluid-saturated fractured
media, velocity dispersion and energy attenuationwill occur due to
the multi-scale heterogeneity inside the media (Krzikalla and
ng).

y Elsevier B.V. on behalf of KeAi Co
Müller, 2011; Mukerji and Mavko, 1994; Parra and Xu, 1994;
Sharma, 2004; Zhang et al., 2019). The seismic attenuation,
dispersion and frequency-dependent anisotropy contain the
abundant information of the properties of subsurface reservoir
rocks and pore fluids, which can be used for effective hydrocarbon
interpretation and reservoir characterization in seismic exploration
(Wang et al., 2022; Zhang et al., 2017). Meanwhile, the influence of
fractures on seismic wave attenuation and dispersion provides a
potential tool to quantitatively detect the content and distribution
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of fractures in subsurface fractured media (Amalokwu et al., 2016;
Li et al., 2018a, 2018b; Wei et al., 2013; Wang et al., 2018). Never-
theless, the quantitative seismic evaluation of reservoir is based on
the comprehensive research of the intrinsic relationship between
the physical properties of rocks and seismic attributes.

In order to establish the relationship between the rock physical
properties and their dispersion and attenuation, a large quantity of
attenuation theories for fluid-saturated poroelastic media are well
established, which can be classified into three main categories ac-
cording to the scales of attention: macroscopic, mesoscopic and
microscopic scale (Müller et al., 2010). Biot (1956) introduced an
internal energy dissipation mechanism due to viscous fluid flow,
widely known as Biot dissipation theory, to develop the two-phase
medium theory of wave propagation in porous media containing
uniform fluid and then generalized it to the anisotropic case.
Nevertheless, the assumption of pore homogeneity in Biot's theory
makes its predicted wave energy dissipation of the seismic fre-
quency band much smaller than the experimental observed result
(Batzle et al., 2001; Pride et al., 2004). Diverse theories and
description methods have been developed for the pore distribution
inhomogeneity and the corresponding local fluid flow. One is the
microscopic squirt flow mechanism that tend to cause high-
frequency dispersion and attenuation, but it is still insufficient to
characterize the wave propagation behaviors within the seismic
frequencies (Chen et al., 2022; Dvorkin et al., 1995; Diallo et al.,
2003; Gurevich et al., 2010; Mavko and Nur, 1979; Subramaniyan
et al., 2015; Wu et al., 2020). Fluid flow induced by mesoscopic
mechanism can explain many important phenomena in rock
physics at the lower frequencies, which has attracted the wide-
spread attention. A series of mesoscopic models have been estab-
lished, such as the patchy-saturated porous media, the periodic-
layered model, the double-porosity model and the improvement
of these models (Ba et al., 2011; Chapman, 2003; Chen et al., 2023;
Dutta and Ode, 1979; Gurevich and Lopatnikov, 1995; Liao et al.,
2023; Pang and Stovas, 2020; Sharma, 2007; Sun et al., 2016; Wei
et al., 2013; White, 1975; White et al., 1975), and it is found that
thewave dispersion induced by fluid flowat themesoscopic scale is
able to qualitatively explain the wave attenuation at the seismic
frequency band. Further considering the coexistence of pores and
cracks in real rocks, several authors developed the unified rock
physics theory for coexisting pore-cracks and the periodic-layered
crack-fracture media theory to interpret the wave attenuation
and dispersion in fluid-saturated fracture rocks at a wide range of
frequencies (Krzikalla and Müller, 2011; Sun, 2021; Tang et al.,
2012; Wang et al., 2023; Yang and Zhang, 2002).

The directional arrangement of fractures or cracks in rocks will
cause the undergroundmedium to have anisotropic characteristics,
thereby changing the stiffness properties of the rocks and affecting
the elastic wave velocity of the rocks. Seismic wave propagation has
anisotropic characteristics due to the medium anisotropy, and it is
of great significance to analyze the effect of fracture fluids on the
anisotropy of seismic waves. To characterize the elastic parameters
of fractured rocks, a large amount of WIFF (wave-induced fluid
flow) mechanisms containing the fluid flow between the fracture
and the rock background developed to describe the frequency
dependence of rock properties at seismic frequencies (Chapman,
2009; Chen et al., 2022; Hudson et al., 1996; Kong et al., 2013;
Lissa et al., 2019; Meng and Wei, 2021; Sayers and Kachanov, 1995;
Shuai et al., 2020; Solovyev et al., 2023). Guo et al. (2019) developed
an approximate theoretical model for seismic wave dispersion,
attenuation, and frequency-dependent anisotropy in the layered
porous media based on Biot's poroelastic theory. Xu et al. (2021)
proposed an analytic method to compute the wave dispersion
and attenuation for fracture-bearing rocks with anisotropic back-
ground. Most current anisotropic seismic wave attenuation and
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dispersion studies are based on single or double scales of fluid flow,
the integrated consideration for velocity dispersion and attenua-
tion and frequency-dependent anisotropy in multiple frequency
band will be helpful to better understand the wave propagation in
fractured-porous media caused byWIFF (Li and Yan, 2023; Xu et al.,
2022).

In the present study, we construct a PLPC (periodic-layered
porous-cracked) medium model concurrently incorporating
macro-, meso-, and micro-scale WIFF mechanisms based on the
Biot's poroelasticity theory, where the microscopic squirt flow oc-
curs between the annular-shaped cracks and stiff pores. Mean-
while, the constitutive matrix and the wave equation for the PLPC
model are derived and solved with Newton's second law to obtain
the wave velocity and the corresponding attenuation factor. To
characterize the frequency-dependent anisotropy, we calculate and
analyze the variation characteristics of the Thomsen anisotropy
parameters with frequency and crack density. In conclusion, the
characteristics of seismic wave attenuation, dispersion of the PLPC
model are studied, the validity of the proposed model is confirmed
by comparing the modeled velocities with those given by the
existing theories, and the influences of different parameters on
seismic wave attenuation and dispersion is analyzed.
2. Theory

The PLPC model presents a periodic layered structure, and each
layer contains horizontally oriented cracks, which form an annular-
shaped pore-crack structure with the stiff pores of the background
medium, as shown in Fig. 1. Two layers are selected for amplifica-
tion, the length is l1, the width is l2, the upper layer thickness is X1,
saturated by water, and the lower layer saturated by oil/gas, the
total thickness is X2, but the relative porosity of the upper and
lower layers is the same. There is only one type of pore-crack
structure in each layer, namely the annular-shaped crack, as
shown in Fig. 2. In the PLPC model, the microscopic squirt flow
effect occurs between pores and cracks, the mesoscopic interlayer
flow effect occurs between the upper and lower layers, and the fluid
in the background produces macroscopic flow. The PLPC model
conforms to the following assumptions: 1) The background porous
medium is homogeneous and isotropic, and the horizontal direc-
tional arrangement of cracks in the medium causes anisotropy. 2)
The boundary conditions between different layers are open, and the
fluids can communicate with each other. 3) The aspect ratio of all
the directional cracks in the medium is the same. 4) The entire
analysis is limited to a long wavelength range, so the crack size and
spacing are smaller than the wavelength.

In order to investigate the attenuation and dispersion of seismic
waves caused by WIFF at different scales, the effect of the squirt
fluid flow and the interlayer fluid flow on fluid pressure are first
calculated, and then the constitutive equations and fluid pressure
for the PLPC medium model are obtained by combining with Biot's
equation. Finally, the corresponding wave equations are con-
structed to solve the wave velocities and attenuation factors of
seismic waves.
2.1. Construction of the constitutive equations for periodic-layered
porous-cracked media

The stress-strain relationship for anisotropic media is shown as
follows (Biot, 1955):
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Fig. 1. Sketch of the periodic-layered porous-cracked media.

Fig. 2. Sketch of the annular-shaped crack.
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Eq. (1) is subjected to elementary deformation, and Q is elimi-
nated. Then, we can obtain

ss ¼Ae� aP (2)

where ss ¼
�
ssxx;s

s
yy; s

s
zz; s

s
yz; s

s
xz; s

s
xy

�T
denotes the solid-phase

stress tensor, e ¼ �exx; eyy; ezz; eyz; exz; exy�T denotes the solid-
phase strain tensor, Aij ¼ Cij � Ci7=C77ði; j¼ 1;2;/;6Þ denotes
drained elastic coefficients, and the coefficient vector a ¼
ða1;a2;a3;a4;a5;a6ÞT, inwhich ai ¼ Ci7f=C77;i ¼ 1;2;/;6, P is the
fluid pressure, and f is porosity.

The total stress of the fluid-solid phase in this model can be
expressed as
686
t ¼ ss � fPdij;
dij ¼ 0; isj; dij ¼ 1; i ¼ j (3)

Substituting Eq. (2) into Eq. (3) yields

t¼Ae� aP (4)

in which, a ¼ aþ fI, and I is the unit matrix.
For porous VTI media, if the solid particles are assumed to be

isotropic, the formula can be further simplified as

8>>>>>><
>>>>>>:

a1 ¼ a2 ¼ 1� C11 þ C12 þ C13
3Ks

a3 ¼ 1� C13 þ C23 þ C33
3Ks

a4 ¼ a5 ¼ a6 ¼ 0

(5)

in which, Ks represents the bulk modulus of solid grain. Thereby,
the total stress of the novel model yields

t¼Ce� aP (6)

in which t ¼ �txx; tyy; tzz; tyz; txz; txy�T denotes the total stress

tensor, e ¼ �exx; eyy; ezz; eyz; exz; exy�T denotes the solid-phase strain
tensor, C is a 6 � 6 matrix of elastic constants, and

a ¼ ða1;a2;a3;a4;a5;a6ÞT is the porous elastic coefficient tensor.
To more precisely analyze the attenuation and dispersion of

micro-scale seismic waves due to the squirt fluid flow, Tang (2011)
proposed a unified theory of elastic wave in porous and cracked
media. Vertically oriented cracks are introduced into the rock, and
then an annular-shaped pore-crack structure is form with the stiff
pores in the background of the porous medium. In the unit rock
volume, the increment of fluid dilatation into the porous space due
to local fluid flow is qv, and the pore pressure will also change
accordingly with the added fluid content fqv. Thus, the constitutive
equation for the pore fluid pressure P is obtained (Tang et al., 2012):

P ¼ �ðaV,uþ V,w þ fqvÞ=b (7)

where w ¼ fðU � uÞ, U and u represent fluid displacement and
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solid displacement respectively. b ¼ ða � fÞ =Ks þ f= Kf , Kf repre-
sent the bulk modulus of pore fluid.

SðuÞ ¼ fqv=P are used to characterize the effect of squirt fluid
flow caused by the annular cracks on pore pressure, respectively.
Eq. (7) can be rewritten as

P¼ � fF
fþ FSðuÞ

�
V ,Uþa� f

f
V ,u

�
(8)

in which, F ¼ ð1=Kf þ 1=ðfQÞÞ�1 is Biot-flow coefficient, 1= Q ¼
a� f=Ks.

The Biot-flow coefficient F is also not identical in the X-, Y-, Z-
directions because of the directional effective stress. Thus, we
define the Biot-flow coefficient tensor

F ¼
0
@ F1 0 0

0 F2 0
0 0 F3

1
A (9)

where Fj denotes the Biot-flow tensor element in the j-direction,

whose inverse F�1
j reflects the compressibility of the Biot-flow to

the solid-fluid coupled system, and

Fj ¼
 
1
Kf

þ 1
fQj

!�1

1
Qj

¼ aj � f

Ks

(10)

In addition, the expressions for SðuÞ is

SðuÞ ¼
8ð1�n0Þdcð1þlÞ3

3m0

1=K0�1=Ks
1=Kd�1=K0

Mc

1� 3iuhð1þ2lÞ
2Kflg2

c

"
1þ 4ð1�n0ÞKf ð1þlÞ3

3pm0gcð1þ2lÞ Mc

# (11)

Parameter Mc is given by

Mc ¼ 1þ ð4� 5n0ÞðR=aÞ3
2ð7� 5n0Þð1þ R=aÞ3

þ 9ðR=aÞ5
2ð7� 5n0Þð1þ R=aÞ5

(12)

in which, n0 is Poisson's ratio of background medium, m and Kd
represent the shear modulus and dry bulk modulus of solids,
respectively, K0 is the bulk modulus of saturated rock without the
squirt flow. dc and gc are crack density and crack aspect ratio

respectively. l ¼ R=a ¼ ½3f=ð4pdcÞ �1=3, R is the radius of the cir-
cular hole, a is the length of the crack. u is frequency, and h is the
fluid viscosity.

As the frequency tends to zero, Sð0Þ is a nonzero positive real
number, which also leads to the low-frequency limit of the Tang's
model constructed on the basis of the unified theory of micro-scale
pore-crack media to be lower than the Gassmann limit. To correct
this issue, the concept of dynamic bulk modulus was introduced
(Yao et al., 2015). Therefore, the modified additional flexibility of
the squirt flow DSðuÞ is

DSðuÞ¼ SðuÞ � Sð0Þ (13)

in which Sð0Þ ¼ 8ð1�n0Þdcð1þlÞ3
3m

1=K0�1=Ks
1=Kd�1=K0

Mc.

White (1975) used the ideal layered model of with periodic
alternation of water and gas layers to simulate the partial saturation
of mesoscopic inhomogeneous fluid. In the PLPC medium, only the
interlayer fluid flow caused by seismic waves propagation along the
direction perpendicular to the layer is considered. In the periodic-
687
layered medium, the interlayer fluid pressure difference caused by
two adjacent layers with different fluids will cause interlayer fluid
flowand affect the average fluid pressure. In the following, we derive
the expression of fluid pressure considering interlayer fluid flow.

Considering that the unit rock contains two-layer media, the P-
wave modulus of plane wave can be written as (White, 1975)

C0 ¼
�

f1
M1

þ f2
M2

��1

(14)

where

f1 ¼
X1

X2
; f2 ¼ X2 � X1

X2
(15)

M1 and M2 are the bulk modulus of P-wave in the upper and lower
layers respectively, and

Mi ¼ M þ KAi

�
1� K*

Ks

�2

M ¼ K* þ 4
3
md

KAi ¼
 

f

Kf i
þ 1� f

Ks
� K*

K2
s

!�1

K* ¼ ðC11 þ 2C12 þ 2C13 þ 2C23 þ C22 þ C33Þ=9

(16)

In the research unit circled by the red frame in Fig. 1, when no fluid
passes through the interface between the two layers, we assume
that the pore fluid pressures of two-layer media are P1e�iut and
P2e�iut , respectively, which are expressed as a multiple of P0:

P1e
�iut ¼ T1Poe

�iut

P2e
�iut ¼ T2Poe

�iut (17)

Since T1 and T2 are different, a pressure gradient will be
generated at the interface, which will cause the fluid to flow be-
tween the layers, that is, the interlayer fluid flow. The velocity of the
interlayer fluid flow is

Ve�iut ¼ P1 � P2
Z1 þ Z2

e�iut (18)

inwhich, Z1 and Z2 represent the wave impedance in the upper and
lower layers of the unit rock respectively, as follows,

Z1 ¼ Z01 cothða1X1Þ
Z2 ¼ Z02 cothða2ðX2 � X1ÞÞ (19)

where Z0i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hiKEi=ðiukÞ

p
, ai ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iuhi=ðKEikÞ

p
, k is the permeability.

KEi denotes the effective bulk modulus in the upper and lower
layers of the unit rock,

KEi ¼KAi
M
Mi

(20)

Due to the interlayer fluid flow, the thickness of the two-layer
medium changes dynamically. The variations are as follows:

U1e
�iut ¼

�
� Q1

V
iu

�
e�iut

U2e
�iut ¼

�
Q2

V
iu

�
e�iut

(21)

where V=ðiuÞ is the displacement amplitude of the fluid flow
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passing through the interface. The sum of the displacements is
divided by the thickness to obtain the additional strain Ef due to
interlayer fluid flow:

Ef e
�iut ¼

�
U1 þ U2

X2

�
e�iut (22)

According to White's theory, T1 ¼ Q1 and T2 ¼ Q2, T can be calcu-
lated as follows:

T1 ¼
�
1�K*

Ks

�
KA1
M1

; T2 ¼
�
1�K*

Ks

�
KA2
M2

(23)

Finally, the additional strain Ef caused by the interlayer fluid flow
can be obtained by substituting the calculated T and Eqs. (17), (18)
and (21) into Eq. (22).

Thus, the total average pore fluid pressure in the PLPC medium
can be obtained:

P¼ � fF

fþ F
�
SðuÞ þ Sf

��V ,Uþa� f

f
V ,u

�
(24)

where Sf ¼ Ef=P characterizes the effect of interlayer fluid flow on
pore pressure.
2.2. Seismic wave velocities and attenuation factors for the
periodic-layered porous-cracked media

The elastic kinetic equations based on microscopic fluid flow
fields in porous anisotropic media are shown below:

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

vsxx
vx

þ vsxy
vy

þ vsxz
vz

¼ v2

vt2

�
rux þ rfwx

�

vsxy
vx

þ vsyy
vy

þ vsyz
vz

¼ v2

vt2

�
ruy þ rfwy

�

vsxz
vx

þ vsyz
vy

þ vszz
vz

¼ v2

vt2

�
ruz þ rfwz

�

�vp
vxi

¼ v2

vt2

 
rfui þ

Xj
mijwj

!
þ h

Xj 1
kij

vwj

vt

(25)

in which m11 ¼
�
frf þ rax

�.
f2, m22 ¼

�
frf þ ray

�.
f2, m33 ¼�

frf þ raz

�.
f2, r ¼ ð1 � fÞrs þ frf ¼ r1 þ r2, r1 ¼ ð1 � fÞrs,

r2 ¼ frf , and kij is the anisotropic permeability.
 
C11

v2

vx2
þ C66

v2

vy2
þ C44

v2

vz2
þ a11

!
ux þ ðC12 þ C66Þ

v2uy
vxvy

þ ðC13 þ C44

ðC12 þ C66Þ
v2ux
vxvy

þ
 
C66

v2

vx2
þ C11

v2

vy2
þ C44

v2

vz2
þ a11

!
uy þ ðC13 þ C44

ðC44 þ C13Þ
v2ux
vxvz

þ ðC13 þ C44Þ
v2uy
vyvz

þ
 
C44

v2

vx2
þ C44

v2

vy2
þ C33

v2

vz2
þ a

X
i

fFi
fþ Fi

�
DSðuÞ þ Sf

� ðai � fqiÞ
vui
vxi

þ
2
4fX fFi

fþ Fi
�
DSðuÞ þ Sf

� q

u2
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Substituting Eq. (6) into Eq. (25), the elastic wave propagation
equation for periodic-layered porous-cracked media in general
anisotropic conditions is obtained as follows:

8>>>>><
>>>>>:

v

vxj

�
Cijqp

vup
vxq

�
� v

vxj

�
aijP

� ¼ v2

vt2
ðr1ui þ r2UiÞ

�vP
vxi

¼ v2

vt2

 
rfui þ

Xj
mijwj

!
þ h

Xj 1
kij

vwj

vt

(26)

Simplifying to the elastic wave equation for the PLPC medium is
given by

c11
v2ux
vx2

þ c66
v2ux
vy2

þ c44
v2ux
vz2

þðc12 þ c66Þ
v2uy
vxvy

þðc13 þ c44Þ
v2uz
vxvz

�a1
vP
vx

¼ v2

vt2
ðr1ux þ r2UxÞc66

v2uy
vx2

þ c11
v2uy
vy2

þ c44
v2uy
vz2

þðc12 þ c66Þ
v2ux
vxvy

þðc13 þ c44Þ
v2uz
vyvz

�a2
vP
vy

¼ v2

vt2
�
r1uy þ r2Uy

�
c44

v2uz
vx2

þ c44
v2uz
vy2

þ c33
v2uz
vz2

þðc44 þ c13Þ
v2ux
vxvz

þðc44 þ c13Þ
v2uy
vyvz

�a3
vP
vz

¼ v2

vt2
ðr1uz þ r2UzÞ

� vP
vx

¼ v2

vt2

�
rfux þm11fðUx �uxÞ

�
þ hf

k11

v

vt
ðUx � uxÞ

� vP
vy

¼ v2

vt2

�
rfuy þm22f

�
Uy �uy

��þ hf

k22

v

vt

�
Uy �uy

�
� vP

vz
¼ v2

vt2

�
rfuz þm33fðUz �uzÞ

�
þ hf

k33

v

vt
ðUz �uzÞ

P¼ �
X3
i¼1

fFi
fþ Fi

�
DSðuÞ þ Sf

��vUi

vxi
þai � f

f
eii

�

(27)

In order to eliminate the fluid displacement term of the above
equation, the wave equation is only expressed by the solid
displacement term and the fluid pressure term. Assume that,

uðx; y; z; tÞ ¼ uðx; y; zÞe�iut

Uðx; y; z; tÞ ¼ Uðx; y; zÞe�iut

Pðx; y; z; tÞ ¼ Pðx; y; zÞe�iut
(28)

Correspondingly, the wave propagation equation in the spatial-
frequency domain of the proposed model is expressed as follows,
Þ v
2uz
vxvz

� ða1 � fq1Þ
vP
vx

¼ 0

Þ v
2uz
vyvz

� ða1 � fq1Þ
vP
vy

¼ 0

33

!
uz � ða3 � fq3Þ

vP
vz

¼ 0

i

rf

v2

vx2i
þ 1

3
5P ¼ 0

(29)
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in which,

ajj ¼ u2rj; j ¼ 1;2;3

rj ¼ r� r2qj

qj ¼
 
raj

.
rf þ f

f
þ i

hf

urfkjj

!�1
(30)

The plane-wave kernels of wave displacement components and
pressure are given by

8>><
>>:

ux
uy
uz
P

9>>=
>>;¼

8>><
>>:

Ax
Ay
Az
P0

9>>=
>>;exp

	
i
�
kxxþ kyyþ kzz

�
k



(31)

Substituting the above equation into Eq. (29) and organizing it gives

D

2
664
Ax
Ay
Az
P0

3
775¼0 (32)

in which

D¼

2
6664
D11k

2 � a11 D12k
2 D13k

2 iD14k
D21k

2 D22k
2 � a22 D23k

2 iD24k
D31k

2 D32k
2 D33k

2 � a33 iD34k
iD41k iD42k iD43k �D44k

2 þ 1

3
7775
(33)

For the PLPC model, these variables in the matrix are

ajj ¼u2rj; j¼1;2;3;aij ¼0; isj

D11 ¼C11k
2
x þC66k

2
y þC44k

2
z

D12 ¼D21 ¼ðC12þC66Þkxky
D13 ¼D31 ¼ðC13þC44Þkxkz
D22 ¼C66k

2
x þC11k

2
y þC44k

2
z

D23 ¼D32 ¼ðC13þC44Þkykz
D33 ¼C44k

2
x þC44k

2
y þC33k

2
z

Dj4 ¼
�
aj�fqj

�
kj; j¼1;2;3

D4j ¼
fFj

fþFj
�
DSðuÞþSf

�f�1�aj�fqj
�
kj; j¼1;2;3

D44 ¼

0
BBBBBBB@

fF1
fþF1

�
DSðuÞþSf

�q1k2x þ fF2
fþF2

�
DSðuÞþSf

�q2k2y
þ fF3

fþF3
�
DSðuÞþSf

�q3k2z

1
CCCCCCCA
,�

u2rf

�

(34)

By detðDÞ ¼ 0, yields

b0k
8 þ b1k

6 þ b2k
4 þ b3k

2 þ b4 ¼ 0 (35)

The above equation is the wave number equation for the PLPC
model, which in general has four different roots ki2ði ¼ 1; 2; 3; 4Þ,
corresponding to four different waves.

In general, it is difficult to analyze the propagation properties of
these waves in porous anisotropic rocks using the analytical solu-
tions of the equations. Therefore, we only consider the properties of
689
planewaves propagating in the XOZ plane here (other planes can be
discussed by similar methods).

Let kx ¼ sin q;kz ¼ cos q;ky ¼ 0, then Eq. (33) can be simplified
as

D¼

2
6664
D11k

2 � a11 0 D13k
2 iD14k

0 D22k
2 � a22 0 iD24k

D31k
2 0 D33k

2 � a33 iD34k
iD41k 0 iD43k �D44k

2 þ 1

3
7775
(36)

From detðDÞ ¼ 0, a root is obtained as

k2SH ¼ a22
D22

¼ u2ry

C66 sin2 qþ C44 cos2 q
(37)

Therefore, the phase velocity and attenuation of the SH-wave are

vSH ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C66 sin2 qþ C44 cos2 q

q
Re
� ffiffiffiffiffi

ry
p �

Q�1
SH ¼ 2Im

� ffiffiffiffiffi
ry

p �.
Re
� ffiffiffiffiffi

ry
p � (38)

The remaining three roots are determined by the following
equations:

detðD1Þ ¼ 0

D1 ¼

2
666664
D11k

2 � a11 D13k
2 iD14k

D13k
2 D33k

2 � a33 iD34k

iD41k iD43k �D44k
2 þ 1

3
777775

(39)

The three roots of Eq. (39) correspond to the fast P-wave, the
slow P-wave and the SV-wave, respectively. Wave number solu-
tions are determined from the following equation:

c0k
6 þ c1k

4 þ c2k
2 þ c3 ¼ 0 (40)

where

c0 ¼ �D11D33D44 þ D2
13D44;

c1 ¼ D41D14D33 þ D43D34D11 � D13D43D14 � D13D41D34

þD11D33 þ D11a33D44 þ a11D33D44 � D2
13;

c2 ¼ �D14D41a33 � a11D43D34 � a33D11 � a11D33 � a11a33D44;

c3 ¼ a11a33:

(41)

Three coupled waves correspond to three wave number solu-

tions ~kiði¼ 1;2;3Þ of Eq. (40), respectively. The phase velocities and
attenuation of these waves can be obtained directly from three

complex wave number roots ~kiði¼ 1;2;3Þ as

vi ¼ u=Reð~kiÞ
Q�1
i ¼ 2Imð~kiÞ

.
Reð~kiÞ

(42)

in which ReðkiÞ represents the real part of the wave number, and
ImðkiÞ represents the imaginary part of the wave number.



Table 1
The rock physics parameters.

Parameter Symbol Value Parameter Symbol Value

Grain bulk modulus Ks; GPa 37.9 Grain density rs; kg$m
�3 2650

Grain shear modulus ms; GPa 32.6 Water density rf , kg$m
�3 1000

Water bulk modulus Kf ; GPa 2.25 Gas density rg, kg$m
�3 70

Gas bulk modulus Kg ; GPa 9.6 � 10�3 Crack density dc 0.025
Water viscosity hw; Pa,s 0.005 Crack aspect ratio gc 0.0012
Gas viscosity hg; Pa,s 1 � 10�6 Tortuosity t 2.4
Upper layer thickness X1; m 0.1 Upper layer porosity fw 0.25
Total thickness X2; m 0.25 Sublayer porosity fg 0.25
Coupling density rax; kg$m

�3 300 Permeability kxx; mD 10
ray; kg$m

�3 300 kyy; mD 10
raz; kg$m

�3 100 kzz ; mD 20
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3. Numerical example

In this section, we use the above method to calculate the
dispersion, attenuation and frequency-dependent anisotropy of
seismic waves in PLPC medium, and analyze the influence of
different parameters on the dispersion and attenuation of seismic
waves. Table 1 is the rock physics parameters to analyze the seismic
wave theory.

The elastic modulus of the dry rock skeleton of the PLPC me-
dium can be expressed as

C0
11 ¼ ðld þ 2mdÞ � l2dDN

.
ðld þ 2mdÞ

C0
33 ¼ ðld þ 2mdÞð1� DNÞ

C0
13 ¼ ldð1� DNÞ

C0
55 ¼ mdð1� DTÞ

C0
66 ¼ md

(43)

inwhich, C0
23 ¼ C0

13, C
0
22 ¼ C0

11, C
0
44 ¼ C0

55, C
0
12 ¼ C0

11 � 2C0
66, ld and

md are the Lam�e constants of the dry rock. DN ¼ 4dc=½3gð1� gÞ �, D
T ¼ 16dc=½3ð3� 2gÞ �, g ¼ md =ðld þ 2mdÞ.

For fluid-containing anisotropic media, the generalized Gass-
mann equation can characterize the elastic modulus parameters of
anisotropicmedia (Gassmann,1951). Therefore, the elastic modulus
of saturated rock in the three-scale model of the PLPC medium can
be expressed as
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C11 ¼ ðlþ 2mÞ � l2DN
.
ðlþ 2mÞ þ a211M

C33 ¼ ðlþ 2mÞð1� DNÞ þ a233M

C13 ¼ lð1� DNÞ þ a11a33M

C55 ¼ mð1� DTÞ
C66 ¼ m

(44)

in which, C23 ¼ C13, C22 ¼ C11, C44 ¼ C55, C12 ¼ C11 � 2C66. M is
the Gassmann pore modulus,

M ¼ Ks

ð1� K*=KsÞ � f
�
1� Ks

.
Kf

� (45)

and K* is generalized bulk modulus of dry rock,

K* ¼1
9

X3
i¼1

X3
j¼1

C0
ij (46)

The P-wave velocity dispersion and attenuation curves of the
three-scale model of anisotropic media with pores and cracks (red
curve and dark blue curve) are compared with those of the fast P-
wave velocity dispersion and attenuation curves given by the Biot
theory based on VTI media (navy blue curve), the Tang theory with
penny-shaped cracks (light blue curve) and annular-shaped cracks
(yellow curve) considering macroscopic global flow, and the White
periodic layered media theory (orange curve) considering macro-
scopic global flow. The crack density of the penny-shaped cracks
(crack 1) is 0.025, and the crack aspect ratio is 0.0017; the crack
density of the annular-shaped cracks (crack 2) is 0.025, and the
-1 0 1 2 3 4 5 6 7 8
0

0.005

0.010

0.015

0.020

1/
Q

Frequency, Hz

Biot
Biot-Tang (crack 1)
Biot-Tang (crack 2)
Biot-White
This study (0°)
This study (90°)

The global fluid flow

The interlayer fluid flow

The squirt fluid flow 

Crack 2
Crack 1

(b)

culated with the proposed multi-scale wave theory with the existing theories.



Fig. 4. Velocity of fast P-wave and SV-wave with propagation angle at different frequencies.
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crack aspect ratio is 0.0017. The thickness of the upper medium is
0.15 m, and the anisotropic permeability of the fluid is 100 mD, and
that of the fluid is 200 mD, and other parameters are shown in
Table 1. As shown in Fig. 3, The interlayer fluid flow caused by the
different saturated fluids in the upper and lower layers mainly
occurs at 101e102 Hz, that is, the seismic frequency band. The squirt
fluid flow caused by the microscopic cracks mainly occurs at
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103e104 Hz, and the attenuation frequency of the annular-shaped
cracks is lower than that of the penny-shaped cracks. The Biot
global fluid flow mainly occurs in the high frequency band, that is,
105e106 Hz, and the attenuation and dispersion caused by it are
relatively weak. Meanwhile, we can observe that the frequency
band of the attenuation peak caused by each mechanism is
consistent with the existing theory. However, due to the existence
0.010
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for wave propagation with different crack densities.
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of anisotropy, the velocity dispersion and attenuation of fast P-
wave will change will change with the variation of the propagation
angle, and this characteristic is the biggest difference between this
theory and the theory of isotropic medium. The relative increase or
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decrease of the attenuation peak in different frequency bands may
be due to the fact that different fluid flow mechanisms are not in-
dependent of each other. The interaction between them will affect
the dispersion and attenuation caused by each WIFF mechanism.

To further investigate the rationality of the theory in this paper,
we calculate the velocity curves of fast P-wave, slow P-wave and
SV-wave with incident angle at frequencies of 0.8, 8 and 800 kHz.
We assume that the incident angle q is the angle between the
propagation direction of the wave and the Z-axis. From Fig. 4, it is
shown that the seismic wave velocity increases with the increase of
frequency. Moreover, under the given medium model parameters,
the velocities of fast P-wave and SV-wave show anisotropic char-
acteristics. The SV-wave has its maximum velocity when its prop-
agation direction is at an angle of 45� normal to the layer. The
difference in the velocity values of the fast P-wave propagating
along the parallel and perpendicular layer is not significant, which
we attribute to the presence of interlayer fluid flow.

The Thomsen anisotropy parameters are calculated to better
characterize the frequency-dependent anisotropy of seismic waves
in PLPC medium, as follows (Thomsen, 1986):

ε
ðVÞ ¼ C11 � C33

2C33
;

dðVÞ ¼ ðC13 þ C44Þ2 � ðC33 � C44Þ2
2C33ðC33 � C44Þ

:

(47)
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Fig. 8. Velocity dispersion and attenuation curves of fast P-wave and SV-wave in the PLPC model with different crack aspect ratios.
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The characteristics of the Thomsen anisotropy parameters with
frequency are analyzed for different crack densities, which are set
at 0.1, 0.12, 0.14, 0.16 and 0.18, respectively. According to Fig. 5, the
interlayer fluid flow and two kinds of squirt fluid flow will cause
dispersion phenomenon to the anisotropic parameters in the fre-
quency band below 104 Hz, which proves that theWIFF mechanism
will also have a slight influence on the anisotropic parameters.
Simultaneously, as the crack density increases, the anisotropic pa-
rameters also increase accordingly.

In order to verify the validity of the three-scale wave theory, a
comparative analysis is conducted between the experimental data
and the simulated fast P-wave velocities. The experimental data are
fast P-wave velocities measured by low-frequency stress-strain
experiments on water-saturated dense siltstone samples (Ba et al.,
2017). The porosity of the tight siltstone is 0.14, the permeability is
0.084 mD, the rock background bulk modulus is 20 GPa, and the
shear modulus is 11.8 GPa. The crack density of the annular-shaped
crack in the model is set to 0.03, the crack aspect ratio is 0.002, the
fluid viscosity is 0.001 Pa s, and the fluid bulk modulus is 2.25 GPa.
From Fig. 6, the fast P-wave velocity dispersion phenomenon is
obvious in the experimental data within the seismic frequency
band of 101e103 Hz, and the theoretical P-wave velocity curve is
consistent with the experimental data. The dispersion in the lower
frequency band is caused by mesoscopic wave-induced flow, and
693
the velocity curve shows multiple dispersion features. Therefore,
the comparison of laboratory-measured velocities with theoretical
predictions shows that the proposed three-scale wave-induced
flow theory can better describe the frequency-dependent charac-
teristics of the velocity.

Subsequently, the effects of different elastic parameters on the
velocity dispersion and attenuation of the three seismic waves
propagating along the Z-axis in the PLPC model are analyzed. The
first is layer thickness ratio. We set the thickness of the upper layer
to 0.1 m, and the thickness of the lower layer to 0.05, 0.10, 0.15, 0.20
and 0.25 m respectively. From Fig. 7, with the decrease of the layer
thickness ratio, the attenuation value of the velocity shows an
increasing trend. The variation of the layer thickness ratio has an
effect on these WIFF mechanisms, with the attenuation frequency
band of the squirt fluid flow shifting towards the low frequency
direction, and the attenuation frequency band of the interlayer fluid
flow and the global fluid flow shifting towards the high frequency
direction.

As shown in Fig. 8, the dispersion attenuation under different
crack aspect ratios is analyzed. The aspect ratios of the annular
cracks in the upper and lower media are set to 0.008, 0.0012,
0.0016, 0.002 and 0.0024, respectively. The variation of the crack
aspect ratio mainly affects the microscopic squirt fluid flow
mechanism.With the increase of the crack aspect ratio, the velocity
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of two seismic waves decreases relatively, the attenuation fre-
quency band moves to the high frequency direction, and the
attenuation peak does not change significantly.

The crack density also has a significant effect on seismic wave
velocity and dispersion. We set the crack densities of the annular-
shaped cracks are 0.025, 0.035, 0.045, 0.055 and 0.065, respec-
tively. According to Fig. 9, the crack density mainly affects the
microscopic squirt fluid flow mechanism and the mesoscopic
interlayer fluid flowmechanism.With the increase of crack density,
the velocity of seismic wave decreases, the attenuation peak in-
creases, and the attenuation frequency band is not affected.

Finally, we analyze the influence mechanism of different
permeability on seismic wave velocity and dispersion. Here we set
the permeability in the X- and Y-axis directions to be 10, 20, 100,
200 and 400 mD, and the permeability in the Z-axis direction to be
5, 10, 50, 100 and 200 mD. As shown in Fig. 10, the variation of
permeability has little effect on the total attenuation of seismic
waves and mainly affects the mesoscopic interlayer fluid flow and
macroscopic Biot fluid flow mechanisms. When the permeability
increases, the attenuation peak characterizing the interlayer fluid
flow moves to the high frequency direction, and the attenuation
peak characterizing the Biot fluid flow moves to the low frequency
direction.
694
4. Conclusion

In this work, a periodic-layered porous medium is modeled in
which each layer is an anisotropic background saturated with
different fluids and contains the annular-shaped cracks, termed as
the PLPC medium model. This model incorporates three WIFF
mechanisms: microscopic squirt fluid flow, mesoscopic interlayer
fluid flow and macroscopic Biot fluid flow. By means of the Biot's
poroelasticity theory, the wave equations are derived by con-
structing the constitutive matrix, fluid pressure equation and mo-
tion differential equation of the PLPC medium. By assuming the
plane wave solution and solving the Christoffel equation, the cor-
responding seismic wave velocity and attenuation factor are ob-
tained, and the Thomsen anisotropic parameters are further
calculated. Subsequently, the velocity dispersion and attenuation of
seismic waves due to multi-scale WIFF mechanisms are investi-
gated at different incident angles. The analysis shows that three
types of WIFF mechanisms are dominant on different frequency
bands of seismic waves, and the interlayer fluid flow mechanism
mainly occurs in the seismic frequency band, which has potential
guiding significance for subsequent oil/gas identification and
reservoir prediction. Meanwhile, the novel model also demon-
strates the significant frequency-dependent anisotropy character-
istics. The maximum dispersion of P-wave occurs in the direction
perpendicular to the layer, while the maximum dispersion of SV-
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Fig. 10. Velocity dispersion and attenuation curves of fast P-wave and SV-wave in the PLPC model with different permeabilities.
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wave occurs in the direction with the incident angle of around 45�.
The results show that the parameters such as layer thickness ratio,
crack aspect ratio and crack density have an impact on the
dispersion and attenuation of seismic waves. Each elastic param-
eter controls the WIFF mechanism differently, mainly affecting the
attenuation peak, attenuation frequency band and velocity. Based
on the proposed three-scale theoretical model, the influence of
different elastic parameters on velocity dispersion, attenuation and
frequency-dependent anisotropy characteristics can be analyzed to
optimize sensitivity parameters for subsequent seismic reflection
characteristics research. Furthermore, this study can also provide a
theoretical basis for the matching of logging data and seismic data,
thereby improving the effectiveness and stability of reservoir
prediction.
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